We prove that the thickness and the arboricity of a graph with e edges are at most Lfl3 + 3/2J and r~l, respectively, and that the laller bound is best possible.
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where the maximum is taken over all nontrivial induced subgraphs H, and where eHand nH denote the number of edges and vertices of H, respec tively, From this and Euler's fonnula for planar graphs it follows that Y(G) ~ 31J(G); clearly 8(G) ~ Y(G).
First we derive the 0(';;) bound on the thickness of a graph with e edges, and then, uSil)Lthe Nash-Williams formula, we obtain the best possible bound Qf I ve/2l on the arboricity, exhibiting, for each e, a graph with e edges whose' ariJoricit)'.achieves this bound. It was previousl)' known
where n is the number of vertices in the graph, and in [7J that l(G) ~ L5/4 + (1/2) J2e.-7/4 J. Both these bounds are achieved by the complete graphs; the latter bound is asymptotic to our bound, but infinitely often is larger by 1. We use definitions and basic facts from [2] . THEOREM 1. If G is a simple graph with e edges, then 8(G) ~ L~+3/2J. Proof We use induction on IVI + lEI. If IVI + lEI = 1, then G = K( and 8(K 1 ) =O. Suppose the theorem has been proved for all graphs with IVI + lEI < n + e and let G be a graph with n vertices and e edges.
, the vertex v and the edge from v to its ith neighbor. Note that so modified, the Hi'S are planar graphs whose union is G.
On the other hand, suppose there is no vertex with degree at most ~.
In this case, 2e= L deg(v) > n # UE V(GI and therefore n < 2j3;. Since the thickness of K n is at most Un + 9)/6J (see [1, 3, 8,11, 12J), we have Since the thickness of the complete graph on n vertices is O(n), the bound of this result is of the right order, but we believe that the constants are not best possible. Note that 8(K n ) is approximately Je/l8, but 8(Kn/ 2 ,n/2) = In 2 /(8n -l6)l is approximately Je/16 (see [4J). We conjecture that 8( G) ~ Je/l6 + O( l) for any graph G.
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THICKNESS AND ARBORIClTY OF A GRAPH
The previous proof with "arboricity" rep-lacing "thickness" and the fact that J(Kn)~rn/21Ieads to J(G)~r fil. However, we prove the following stronger and best possible result. THEOREM 2. If G is a simple graph with e edges, then J(G) ~ r#1, and this bound is best possible.
Proof By Nash-WiUiams' result [9 J, there is a subgraph "G~ oCG with n' vertices and e' edges, and -..
If e' ~ (n' -I )2/2 then (e'/(n' -1))2 ~ e'/2, and
If e' > (n'-1)2/2, we have and we compute , , 2 R n'-1 e > (n -1) /2=> './2>-2
Next, we show that the inequality is best possible in the sense that among all graphs with e edges there is one for which Y = r # 1 . The construction is as follows: Let n be the integer satisfying So put e = (~) + k with f)~ k < n. We make a graph G with n + 1 vertices.
Form a complete graph on n of them and let the degree of the remaining vertex be k. We claim that Y = Y(G) = r .;;til. We have Y ~ r .;;til so we work to show Y~ r # 1 . By the Nash-Williams result, {f nl rm+kl} If G is a triangle-free graph, we can modify the above proof and apply Tunin's theorem to bound its arboricity by (1/2) fi. This bound is achieved by the complete bipartite graph K",,,. This also gives a slightly improved thickness bound for triangle-free graphs. The proof technique of Theorem 1 is a simplification of that used in [6] .:.:.
to show that the thickness and arboricity of a graph of genus g are O(h).
This technique leads to a simpler proof of the result in [6] that 8(G) ~ 6 + J2g -2. The proof technique of Theorem 2 is derived from that of [10] where the maximum interval number of a graph is compared with the genus of a graph.
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